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Abstract
We study the most general renormalization transformations for the first-order
formulation of the Yang–Mills theory. We analyze, in particular, the trivial sector of
the BRST cohomology of two possible formulations of the model: the standard one
and the extended one. The latter is a promising starting point for the interpretation
of the Yang–Mills theory as a deformation of the topological BF theory. This work
is a necessary preliminary step towards any perturbative calculation, and completes
some recently obtained results.
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1 Introduction
The confinement problem in QCD has been recently studied by reformulating the Yang–
Mills action through the first-order formalism [1]. This model, named “gaussian” BFYM,
is described by the action
S = Tr
∫
IR4
(
iB ∧ F + g2B ∧ ∗B
)
, (1.1)
where F is the field-strength and B is a 2-form. It is easy to see that this action is on-shell
equivalent to the classical YM action. This formulation [1, 2] allows the introduction of ’t
Hooft-like order-disorder parameters [3], and leads to an explicit realization of the ’t Hooft
picture of the vacuum as a dual superconductor, in which the BFYM theory appears to
be in the confining phase [1].
Another formulation of the theory is possible. Its construction relies on the observation
that the zero coupling limit of (1.1) is the topological pure BF theory [4, 5], whose topo-
logical properties are closely related to a further symmetry, named “topological”, besides
the gauge invariance. Then, by introducing a 1-form η, another first-order formulation
may be defined, which is again on-shell equivalent to the YM theory but has a further
symmetry that acts on A and B like the topological symmetry of the pure BF theory [6]:
S = Tr
∫
IR4
[
iB ∧ F + g2
(
B − dAη
)
∧ ∗
(
B − dAη
)]
; (1.2)
we will call this formulation “extended”. Then the model can be interpreted as a defor-
mation of the BF topological theory [6].
The question arises if the classical equivalence of these two models with the Yang-
Mills extends also at the quantum level, and of what are their perturbative properties. A
study of the 3D case was performed in [7], where the quantum equivalence was explicitly
demonstrated together with the absence of anomalies by algebraic and power-counting
methods, and the complete renormalization transformations were given. The anomalies
and the quantum equivalence in 4D have been treated in [8] and a generalization to
all dimensions can be found in [9], where no power-counting argument is used. The
equivalence has been studied also in [10], where an explicit one-loop computation of the
β-function in the gaussian formulation has been carried out showing that it is equal to
the YM case, and in [6] with background field methods.
In this letter we wish to complete the algebraic analisys of [8, 9] by studying the trivial
sector of the BRST cohomology at ghost number zero, i.e. the counterterms that can be
written as BRST variations of some field functional. Following [7] we will give the complete
renormalization transformations needed to absorb all the invariant counterterms, and will
study the restriction arising in the Landau gauge for both formulations. We will also
show that a certain class of counterterms, though algebraically allowed to appear, have
vanishing coefficient to all orders. In section 2 we will study the gaussian formulation and
in section 3 we will address the more involved extended formulation.
We will adopt the following notation. The field strength is F = dA + A ∧ A, the
covariant derivative is dAω = dω + [A, ω]. All the fields are in the adjoint representation
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of the gauge group and the generators are taken to be antihermitean. The exterior product
of a p-form with a q-form is ω∧λ = 1
p!q!
εµ1...µp+qωµ1...µpλµp+1...µp+qdxµ1 . . .dxµp+q ; the Hodge
dual of a p-form is ∗ω = 1
(4−p)!
εµ1µ2µ3µ4ωµ1...µpdxµp+1 . . .dxµ4 . Moreover [ω, λ] will indicate
the graded commutator between the two forms ω and λ, and we will omit the wedge
product between forms.
2 Gaussian formulation
The gaussian model (1.1) is invariant with respect to the gauge symmetry
δgA = −dAε
δgB = −[B, ε] ,
(2.1)
where ε is a local Grassmann-odd adjoint-valued zero-form. Following the BRST quanti-
zation procedure [11] we introduce a couple of ghost and antighost (c, c¯) and the auxiliary
field hA and we define the BRST transformation s:
sA = −dAc , sB = −[B, c] ,
s c = 1
2
[c, c] ,
s c¯ = hA ,
s hA = 0 ,
(2.2)
which is off-shell nihilpotent. Then we define the gauge-fixing lagrangean, choosing the
covariant Landau gauge2 d†A = 0:
Sgf = s Tr
∫
IR4
c¯ ∗ d†A . (2.3)
Furthermore we introduce a set of external sources coupled to the nonlinear BRST trans-
formations:
Sext = Tr
∫
IR4
(
ΩA ∗ s(A) + ΩB ∗ s(B) + Ωc ∗ s(c)
)
. (2.4)
Eventually, the tree-level action is
Σ
[
A,B, c, c¯, hA,ΩA,ΩB,Ωc
]
= SBFYM + Sgf + Sext =
= Tr
∫
IR4
[
iBF + g2B ∗B + c¯ ∗ d†dAc+ hA ∗ d
†A+
−ΩA ∗ dAc− ΩB ∗ [B, c] + Ωc ∗
1
2
{c, c}
]
. (2.5)
The dimensions, ghost-number and space-time inversion parity of the fields are shown in
table 1.
2The main motivation for this choice is the richer algebraic structure present in this gauge, and its
convenience when performing perturbative calculations.
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A B c c¯ hA ΩA ΩB Ωc
dimension 1 2 0 1 2 2 2 4
Ghost number 0 0 1 −1 0 −1 −1 −2
Space-time parity − + + + + − + +
Table 1: dimensions, ghost-number and parity of the fields
Due to the gauge invariance (2.1), the action (2.5) satisfies the Slavnov–Taylor condition:
S(Σ) = 0 , (2.6)
where
S(Σ) = Tr
∫
d4x
(
δΣ
δAµ
δΣ
δΩAµ
+
δΣ
δBµν
δΣ
δΩBµν
+ hA
δΣ
δc¯
+
δΣ
δc
δΣ
δΩc
)
. (2.7)
Moreover it satisfies the following constraints:
δΣ
δhA
= ∂µAµ , (2.8)
G¯Σ ≡
δΣ
δc¯
+ ∂µ
δΣ
δΩAµ
= 0 , (2.9)
GΣ ≡
∫
d4x
(
δΣ
δc
+
[
c¯,
δΣ
δhA
])
=
∫
d4x
([
ΩAµ, Aµ
]
+
[
ΩBµν , Bµν
]
−
[
Ωc, c
])
,(2.10)
W rigΣ ≡
∫
d4x
∑
ϕ
[
ϕ,
δΣ
δϕ
]
= 0 ϕ = all fields . (2.11)
The constraint (2.9) is obtained by commuting (2.8) with the S.T. identity (2.6), and the
constraint (2.11) is obtained by commuting (2.10), which is a peculiarity of the Landau
gauge [12], with (2.6). As a consequence of (2.9) the antighost enter in the action only
through the combination:
Ω̂Aµ = ΩAµ + ∂µc¯ . (2.12)
We can define the reduced action
Σ̂[A,B, c, Ω̂A,ΩB,Ωc] = Σ[A,B, c, c¯, hA,ΩA,ΩB,Ωc]−
∫
d4xhA∂µAµ , (2.13)
so that with respect to these new variables, the constraints (2.8-2.11) become
δΣ̂
δhA
= 0 , (2.14)
δΣ̂
δc¯
= 0 , (2.15)∫
δΣ̂
δc
=
∫
d4x
([
Ω̂Aµ, Aµ
]
+
[
ΩBµν , Bµν
]
−
[
Ωc, c
])
, (2.16)
W rigΣ̂ =
∫
d4x
∑
ϕ
[
ϕ,
δΣ̂
δϕ
]
= 0 ϕ = all fields . (2.17)
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By introducing the linearized S.T. operator
B̂
Σ̂
= Tr
∫
d4x
(
δΣ̂
δAµ
δ
δΩ̂Aµ
+
δΣ̂
δΩ̂Aµ
δ
δAµ
+
δΣ̂
δBµν
δ
δΩBµν
+
δΣ̂
δΩBµ
δ
δBµ
+
δΣ̂
δc
δ
δΩc
+
δΣ̂
δΩc
δ
δc
)
,
(2.18)
the S.T. identity (2.6) is rewritten as
S(Σ) =
1
2
B̂
Σ̂
Σ̂ = 0 , (2.19)
which, in turn, implies the nihilpotency of the S.T. operator:
B̂
Σ̂
B̂
Σ̂
= 0 . (2.20)
As it is well known [13] the anomalies and the counterterms are described by the
local cohomology of the S.T. operator modulo total derivatives. In fact, both the pos-
sible breaking ∆ of the S.T. identity and the invariant counterterms have to satisfy the
consistency condition
B̂
Σ̂
∆+ d∆˜ = 0 (2.21)
where ∆ is a local 4-form of ghost number 1 and 0 respectively, and dimension 4 thank
to the QAP [14], and ∆˜ is a 3–form of ghost number 2 and dimension 3. The solution
of these two cohomology problems have been worked out in [8, 9], whose result is that
the cohomology of the S.T. operator (2.18) is isomorphic to the YM case. Then the only
anomaly allowed by the theory is the ABBJ one [15], which is absent in our case since
all the fields are in the adjoint representation. Moreover, the only physical renormaliza-
tion is the coupling constant one, the related counterterm being ∆ = 1
g2
F ∗ F which is
(B̂
Σ̂
modulo d)–equivalent to a multiple of g2B ∗B.
It remains to analyze the trivial counterterms; they are of the form
B̂
Σ̂
Tr
∫
IR4
∆˜ , (2.22)
where ∆˜ is a local 4-form of ghost number −1 and dimension 4. Let us introduce the
following notation:
Nϕ =
∫
IR4
ϕ ∗
δ
δϕ
; Nϕ→ω =
∫
IR4
ω ∗
δ
δϕ
. (2.23)
Then the trivial counterterms can be expressed as
B̂
Σ̂
(Tr
∫
Ω̂A ∗ A) = (NA −NΩ̂A)Σ̂ ≡ NAΣ̂ ,
B̂
Σ̂
(Tr
∫
ΩB ∗B) = (NB −NΩB)Σ̂ ≡ NBΣ̂ ,
B̂
Σ̂
(Tr
∫
ΩBdA) = (NB→∗dA +NΩ̂A→∗dΩB)Σ̂ ≡ N
(1)
rot Σ̂ ,
B̂
Σ̂
(Tr
∫
ΩB[A,A]) = (NB→∗[A,A] + 2NΩ̂A→∗[A,ΩB])Σ̂ ≡ N
(2)
rot Σ̂ .
B̂
Σ̂
(Tr
∫
ΩBB) = (NB→∗B −NΩB→∗ΩB)Σ̂ ≡ N
∗
BΣ̂ ,
B̂
Σ̂
(Tr
∫
ΩB ∗ dA) = (NB→dA −NΩ̂A→dΩB)Σ̂ ≡ N
∗(1)
rot Σ̂ ,
B̂
Σ̂
(Tr
∫
ΩB ∗ [A,A]) = (NB→[A,A] − 2NΩ̂A→[A,ΩB])Σ̂ ≡ N
∗(2)
rot Σ̂ .
B̂
Σ̂
(Tr
∫
Ωc ∗ c) = (−Nc +NΩc)Σ̂ ≡ NcΣ̂ ,
(2.24)
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The NcΣ̂ counterterm is furthermore excluded by the ghost equation (2.16). Then all
the counterterms can be absorbed at the order h¯n by the following renormalization trans-
formation, assuming that the renormalization process has been carried out till the order
h¯n−1 (details can be found in [7], which deals with the 3D case):
A = AR + h¯
nzAAR ,
B = BR + h¯
nzBBR + h¯
nzBA ∗ dAR + h¯
nzBAA ∗
1
2
[AR, AR]+
+h¯nz∗B ∗BR + h¯
nz∗BAdAR + h¯
nz∗BAA
1
2
[AR, AR] ,
c = cR ,
Ω̂A = Ω̂AR − h¯
nzAΩ̂AR + h¯
nzBA ∗ dΩBR + h¯
nzBAA ∗ [AR,ΩBR]+
−h¯nz∗BAdΩBR − h¯
nz∗BAA[AR,ΩBR] ,
ΩB = ΩBR − h¯
nzBΩBR − h¯
nz∗BΩBR ,
Ωc = ΩcR ,
g = gR + h¯
nzggR .
(2.25)
We note that the terms containing F get contributions not only from the rescaling of g
and A, as it happens in the YM case, but also from the rotation of the B-field, that gives
a priori two different weights to dA and [A,A].
Let us comment about the terms of coefficient z∗. These terms produce counterterms
of the type ǫµνρσBµνBρσ, Bµν∂µAν and Bµν [Aµ, Aν ] which alter the tensorial structure of
the 1PI functions ΓBB ΓBA and ΓBAA with respect to the corresponding Feynman rules.
But it is possible to show that starting from the Feynman rules stemming from the action
(2.5) these structure are not generated at any order of perturbation, meaning that all the
renormalization constants z∗ are equal to zero to all orders. Indeed if we consider, for
example, any given diagram of the two point function ΓBA we see that the sum of the
number of vertices BAA and the number of propagators BA, that are the only Feynman
rules proportional to the totally antisymmetric tensor ǫµνρσ, is always an odd number so
that the net result is that every diagram is proportional to this tensor and the structures
coming from the z∗ terms do not appear.
The situation is as follows. To obtain the equivalence with the Yang-Mills theory we could
have equally well started from the first-order lagrangean iB∗F+g2B∗B, whose g→0 limit
is again symmetric with respect to the topological-like symmetry B→B + ∗dAξ allowing
for the extended formulation that will be discussed in the next section. The algebraic
structure of each model allows for the generation of the counterterms corresponding to
the other theory, but its Feynman rules do not generate them: the two theories, then,
do not mix. They would do if we would have started from a Lagrangian of the type
iBF ± iB ∗ F + g2B ∗ B, which is equivalent on shell to the Yang–Mills in the self-
dual (anti self-dual) gauge, and whose g→0 limit is again symmetric with respect to
B→B + dAξ ∓ ∗dAξ.
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3 Extended formulation
The analysis of this formulation proceeds in the same way as the former one, so that we
will shorten the discussions; details can be found in [8].
The action (1.2) is invariant with respect to the gauge symmetry δg, the topological
symmetry δt and the further local simmetry δ
′ [6, 8]
δgA = −dAε , δtA = 0 , δ
′A = 0 ,
δgB = −[B, ε] , δtB = dAθ , δ′B = [F, σ] ,
δgη = −[η, ε] , δtη = θ , δ′η = dAσ ,
(3.1)
where ε,σ are local 0-forms and θ is a local 1-form. We remark that the topological
symmetry δt is reducible, requiring a second ghost generation in order to correctly quantize
the theory and that δ′ is not independent of the topological symmetry as it can be seen
by choosing θ = dAσ.
The BRST quantization requires for each classical symmetry the introduction of a
couple of ghost and antighost and a Lagrange multiplier, called respectively (c, c¯, hA),
(ψ, ψ¯, hB) and (ρ, ρ¯, hη). We have also to introduce the second generation ghosts and
multiplier (φ, φ¯, hψ) and also the pair of fields (u, hψ¯) to fix a further degeneracy related
to ψ¯. Their dimension, ghost number and parity are shown in table 2. Then, we define
the BRST transformation
sA = −dAc , sB = −[B, c] + dAψ + [F, ρ] , sη = −[η, c] + ψ + dAρ ,
sc = 1
2
[c, c] , sψ = [ψ, c] + dAφ , sρ = [ρ, c]− φ ,
sc¯ = hA , sψ¯ = hB , sρ¯ = hη ,
shA = 0 , shB = 0 , shη = 0 ,
sφ = −[φ, c] ,
sφ¯ = hψ ,
shψ = 0 ,
su = hψ¯ ,
shψ¯ = 0
(3.2)
which is off-shell nihilpotent:
s2 = 0 . (3.3)
Then we choose the gauge-fixing conditions:
d†A = 0, d†B = 0, d†η = 0 , (3.4)
and define the gauge-fixing lagrangean in the Landau gauge:
Sgf = s Tr
∫
IR4
[
c¯ ∗ d†A+ ψ¯ ∗ d†B + ρ¯ ∗ d†η + d†ψ¯ ∗ u+ φ¯ ∗ d†ψ
]
. (3.5)
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A B η c c¯ ψ ψ¯ hA hB φ φ¯ hψ ρ ρ¯ hη u hψ¯
dimension 1 2 1 0 2 1 1 2 1 0 2 2 0 2 2 2 2
ghost no. 0 0 0 1 −1 1 −1 0 0 2 2 −1 1 −1 0 0 1
parity − + − + + − − + − + + + + + + + +
Ω̂A Ω̂B Ω̂η Ωc Ω̂ψ Ωρ Ωφ
dimension 3 2 3 4 3 4 4
ghost no. −1 −1 −1 −2 −2 −2 −3
parity − + − + − + +
Table 2: dimensions, ghost-number and parity of the fields
Finally, we introduce the external sources Ω coupled to the nonlinear BRST variations:
Sext = Tr
∫
IR4
(
− ΩA ∗ dAc +
1
2
ΩB ∗ (dAψ − [B, c] + [F, ρ]) + Ωη ∗ (ψ − [η, c] + dAρ) +
+Ωψ ∗ (dAφ+ [ψ, c]) + Ωρ ∗ (−φ+ [ρ, c]) +
1
2
Ωc ∗ [c, c]− Ωφ ∗ [φ, c]
)
. (3.6)
The complete action
Σ = SBFYMη + Sgf + Sext (3.7)
satisfies the Slavnov-Taylor identity
S(Σ) = 0, (3.8)
where
S(Σ) = Tr
∫
d4x
(
δΣ
δAµ
δΣ
δΩAµ
+
1
2
δΣ
δBµν
δΣ
δΩBµν
+
δΣ
δηµ
δΣ
δΩηµ
+
δΣ
δψµ
δΣ
δΩψµ
+
δΣ
δρ
δΣ
δΩρ
+
+
δΣ
δc
δΣ
δΩc
+
δΣ
δφ
δΣ
δΩφ
+ hA
δΣ
δc¯
+ hBµ
δΣ
δψ¯µ
+ hψ¯
δΣ
δu
+ hψ
δΣ
δφ¯
+ hη
δΣ
δρ¯
)
, (3.9)
and the following constraints [8]:
• the gauge fixing conditions
δΣ
δhA
= ∂µAµ ,
δΣ
δhψ
= ∂µψµ ,
δΣ
δhBν
= ∂µBµν − ∂νu ,
δΣ
δhψ¯
= ∂µψ¯µ ,
δΣ
δhη
= ∂µηµ ,
δΣ
δu
= ∂µhBµ ;
(3.10)
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• the antighost equations
δΣ
δc¯
+ ∂µ
δΣ
δΩAµ
= 0 ,
δΣ
δψ¯ν
+ ∂µ
δΣ
δΩBµν
= ∂νhψ¯ ,
δΣ
δρ¯
+ ∂µ
δΣ
δΩηµ
= 0 ,
δΣ
δφ¯
− ∂µ
δΣ
δΩψµ
= 0 ;
(3.11)
• the ghost equations∫
d4x
(
δΣ
δc
+
[
c¯,
δΣ
δhA
]
+
[
ψ¯ν ,
δΣ
δhBν
]
+
[
u,
δΣ
δhψ¯
]
+
[
ρ¯,
δΣ
δhη
]
+
[
φ¯,
δΣ
δhψ
])
= ∆ccl ,(3.12)∫
d4x
(
δΣ
δφ
−
[
φ¯,
δΣ
δhA
])
= ∆φcl , (3.13)∫
d4x
(
δΣ
δρ
+
[
Aµ,
δΣ
δψµ
]
+
[
c,
δΣ
δφ
]
−
[
Ωψµ,
δΣ
δΩAµ
]
+
[
Ωφ,
δΣ
δΩc
]
+
+
[
φ¯,
δΣ
δc¯
]
−
[
hψ,
δΣ
δhA
])
= 0 ; (3.14)
where the classical breaking ∆ are
∆ccl =
∫
d4x
(
− [ΩAµ, Aµ] +
1
2
[ΩBµν , Bµν ] + [Ωηµ, ηµ]− [Ωψµ, ψµ]− [Ωρ, ρ] +
+[Ωφ, φ]− [Ωc, c]
)
, (3.15)
∆φcl =
∫
d4x
(
[Ωψµ, Aµ]− Ωρ + [Ωφ, c]
)
; (3.16)
since these breakings are linear in the quantum fields, they do not get radiative
corrections;
• the rigid gauge invariance
W rigΣ =
∫
d4x
∑
ϕ
[
ϕ,
δΣ
δϕ
]
= 0 ϕ = all fields . (3.17)
Thanks to the antighost equations (3.11) and to the gauge-fixing conditions (3.10) we can
redefine some sources:
Ω̂Aµ = ΩAµ + ∂µc¯ , Ω̂ηµ = Ωηµ + ∂µρ¯ ,
Ω̂Bµν = ΩBµν + ∂[µψ¯ν] , Ω̂ψµ = Ωψµ − ∂µφ¯ ,
(3.18)
and introduce the reduced action Σ̂:
Σ̂[A,B, η, c, ψ, ρ, φ, Ω̂A, Ω̂B, Ω̂η,Ωc, Ω̂ψ,Ωρ,Ωφ] =
= Σ[A,B, c, c¯, hA, ψ, ψ¯, hB, ρ, ρ¯, hη, φ, φ¯, hψ, u, hψ¯,ΩA,ΩB,Ωη,Ωc,Ωψ,Ωρ,Ωφ] +
−
∫ (
hA∂µAµ + hB[µ∂ν]Bµν + hη∂µηµ + hψ∂µψµ + hψ¯∂µψ¯µ + uhB
)
. (3.19)
The S.T. equation (3.8) becomes
B̂
Σ̂
Σ̂ = 0 , (3.20)
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where
B̂
Σ̂
= Tr
∫
d4x
(
δΣ̂
δAµ
δ
δΩ̂Aµ
+
δΣ̂
δΩ̂Aµ
δ
Aµ
+
1
2
δΣ̂
δBµν
δ
δΩ̂Bµν
+
1
2
δΣ̂
δΩ̂Bµν
δ
δBµν
+
δΣ̂
δηµ
δ
δΩ̂ηµ
+
+
δΣ̂
δΩ̂ηµ
δ
δηµ
+
δΣ̂
δψµ
δ
δΩ̂ψµ
+
δΣ̂
δΩ̂ψµ
δ
δψµ
+
δΣ̂
δρ
δ
δΩρ
+
δΣ̂
δΩρ
δ
δρ
+
+
δΣ̂
δφ
δ
δΩφ
+
δΣ̂
δΩφ
δ
δφ
+
δΣ̂
δc
δ
δΩc
+
δΣ̂
δΩc
δ
δc
)
(3.21)
and
B̂
Σ̂
B̂
Σ̂
= 0 . (3.22)
The cohomology of B̂
Σ̂
is once again isomorphic to the YM case [8, 9], so that also this
formulation of the BFYM is equivalent at quantum level to the Yang-Mills. Once again,
the only anomaly term is the ABBJ one (equal to zero in our case) and the only physical
renormalization is the coupling constant one through the 1
g2
F ∗F non trivial counterterm,
which is equivalent to a multiple of g2 (B − dAη) ∗ (B − dAη).
The analysis of the trivial counterterms in this case is more involved with respect to the
gaussian formulation; indeed we have found that the counterterms allowed by the QAP
are the BRST variations of the traces of the integrals of the following monomials, that
are all parity-invariant:
a1 Ω̂A ∗ A b1 Ω̂B ∗B e1 Ωc ∗ c m1 Ω̂ψ ∗ ψ
a2 Ω̂A ∗ η b2 Ω̂BdA e2 Ωc ∗ ρ m2 Ω̂ψ ∗ dc
b3 Ω̂B
1
2
[A,A] m3 Ω̂ψ ∗ [A, c]
d1 Ω̂η ∗ η b4 Ω̂B ∗ dη f1 Ωφ ∗ φ m4 Ω̂ψ ∗ [η, c]
d2 Ω̂η ∗ A b5 Ω̂B ∗ [A, η] f2 Ωφ ∗ [c, c] m5 Ω̂ψ ∗ dρ
b6 Ω̂B [η, η] f3 Ωφ ∗ [c, ρ] m6 Ω̂ψ ∗ [A, ρ]
b7 Ω̂BB f4 Ωφ ∗ [ρ, ρ] m7 Ω̂ψ ∗ [η, ρ]
b8 Ω̂B ∗ dA
b9 Ω̂B ∗
1
2
[A,A] l1 Ωρ ∗ ρ
b10 Ω̂Bdη l2 Ωρ ∗ c
b11 Ω̂B[A, η]
b12 Ω̂B ∗ [η, η] .
(3.23)
As in the gaussian formulation, we can extract a subset of counterterms that will get zero
coefficient to all orders of perturbation by inspecting the tensorial structure of the 1PI
functions. Indeed we can easily demonstrate that the number of ǫµνρσ tensors in any 1PI
function with EA external legs A, EB legs B and Eη legs η is equal modulo 2 to EB +Eη.
Therefore only the graphs with an odd number of legs B or η will be proportional to ǫµνρσ.
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Therefore, as explained at the end of section 2, we get rid of a number of counterterms:
b7 = b8 = b9 = b10 = b11 = b12 = 0
a2 = d2 = m4 = m7 = 0
(3.24)
at any order of perturbation. Another consequence is that the tensorial structure of the
propagators and of the vertices present at the classical level is not changed by radiative
corrections. Furthermore the ghost equations (3.12–3.14) exclude some of the remaining
monomials requiring
e1 = e2 = f3 = f4 = 0 (3.25)
and impose the following conditions on the coefficients:
f2 = −l2 = m3 ,
f1 = −l1 ,
a1 + f1 +m1 −m6 = 0 ;
(3.26)
hence the number of free parameters to be fixed by renormalization conditions is 14 (13
wave-function renormalizations and the coupling constant renormalization). By express-
ing the BRST variations of the remaining monomials in the same way as in (2.24) we can
write at once the renormalization transformations, where the fields are understood to be
renormalized till the order h¯n−1:
A = AR + a1h¯
nAR ,
B = BR + b1h¯
nBR + b2h¯
n ∗ dAR + b3h¯
n ∗ 1
2
[AR, AR] + b4h¯
n ∗ dηR+
+b5h¯
n ∗ [AR, ηR] + b6h¯
n ∗ [ηR, ηR] ,
η = ηR + d1h¯
nηR ,
c = cR ,
ψ = ψR −m1h¯
nψR −m2h¯
ndcR − f2h¯
n[AR, cR]−m5h¯
ndρR+
−(a1 + f1 +m1)h¯
n[AR, ρR] ,
ρ = ρR + f1h¯
nρR + f2h¯
ncR ,
φ = φR + f1h¯
nφR + f2h¯
n[cR, cR] ,
Ω̂A = Ω̂AR − a1h¯
nΩ̂AR − b2h¯
n ∗ dΩ̂BR + b3h¯
n ∗ [AR, Ω̂BR] + b5h¯
n ∗ [ηR, Ω̂BR]+
−f2h¯
n[cR, Ω̂ψR]− (a1 + f1 +m1)h¯
n[ρR, Ω̂ψR] ,
Ω̂B = Ω̂BR − b1h¯
nΩ̂BR ,
Ω̂η = Ω̂ηR − d1h¯
nΩ̂ηR − b4h¯
n ∗ dΩ̂BR + b5h¯
n ∗ [AR, Ω̂BR] + 2b6h¯
n ∗ [ηR, Ω̂BR] ,
Ωc = ΩcR − f2h¯
nΩρR + 2f2h¯
n[c,ΩφR]−m2h¯
ndΩ̂ψR + f2h¯
n ∗ [AR, ∗Ω̂ψR] ,
Ω̂ψ = Ω̂ψR +m1h¯
nΩ̂ψR ,
Ωρ = ΩρR − f1h¯
nΩρR −m5h¯
ndΩ̂ψR + (a1 + f1 +m1)h¯
n ∗ [AR, ∗Ω̂ψR] ,
Ωφ = ΩφR − f1h¯
nΩφR ,
g = gR + h¯
nzggR .
(3.27)
10
4 Conclusions
We have analyzed the trivial counterterms of both the gaussian and the extended formula-
tions of the BFYM theory in four dimensions, giving the full structure of the wave-function
renormalizations and exploiting the restrictions arising in the Landau gauge. We have
also found some restrictions to the tensorial structure of the 1PI functions in both formu-
lations due to our choice of the classical Lagrangean, and consequently we have found a
subclass of algebraically allowed counterterms that have nonetheless coefficients equal to
zero to all orders of perturbation.
This ends the algebraic analysis of the perturbative renormalization of the theory, com-
pleting the results of [8, 9] who studied the anomaly and the physical parameters renor-
malization.
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